For a positive integer N divisible by 4, 5, 6, 7 or 9, let O 1,N (Q) be the ring of weakly holomorphic modular functions for the congruence subgroup Γ 1 (N ) with rational Fourier coefficients. We present explicit generators of the ring O 1,N (Q) over Q by making use of modular units which have infinite product expansions.
By definition, we have Γ ⊃ Γ(N) for some positive integer N. Furthermore, one can check that N 0 0 1
Hence if f (τ ) is a modular function for Γ(N), then f (Nτ ) is a modular function for Γ 1 (N 2 ). Here we note that the Fourier coefficients of f (Nτ ) coincide with those of f (τ ).
Therefore, the study of modular functions with respect to congruence subgroups is reduced to that of modular functions for Γ 1 (N).
For a rational vector r = r 1 r 2 ∈ Q 2 \ Z 2 , we define the Siegel function g r (τ ) on the complex upper half plane H by the following infinite product expansion (1.1) g r (τ ) = −q (1 − q n+r 1 e 2πir 2 )(1 − q n−r 1 e −2πir 2 ), where B 2 (X) = X 2 − X + 1/6 is the second Bernoulli polynomial and q = e 2πiτ . As is well known ( [7] or [5, p.36] ), it is a modular unit, that is, both zeros and poles are supported at the cusps of certain congruence subgroup. Now, let O 1,N (Q) (resp. O 1 N (Q)) be the ring of weakly holomorphic modular functions for Γ 1 (N) (resp. Γ 1 (N)) with rational Fourier coefficients. When N ≡ 0 (mod 4), Eum et al ( [2] ) recently constructed explicit generators of O 1 N (Q) by means of Siegel functions and classify all Fricke families of such level N, which will be defined in §6.
In this paper we shall investigate how to generate the ring O 1,N (Q) for arbitrary N by improving their idea. We first construct generators of O 1,N (Q) over Q for 1 ≤ N ≤ 10 and N = 12 by utilizing Siegel functions (Theorem 4.5). And, for given positive integers m > 3 and N divisible by m we will further present a primitive generator of O 1,N (Q) over O 1,m (Q), which is a Weierstrass unit (Theorem 5.2), from which we are able to determine generators of the ring O 1,N (Q) over Q when N is divisible by 4, 5, 6, 7 or 9 (Corollary 5.3). Lastly, as byproduct, we can classify all Fricke families of such level N (Theorem 6.2). 
Galois actions of modular function fields
In this section we shall describe the action of Galois groups between modular function fields. For a positive integer N, let F N be the field of meromorphic modular functions for Γ(N) whose Fourier coefficients lie in the Nth cyclotomic field Q(ζ N ).
Proposition 2.1. F N is a Galois extension of F 1 and
where
More precisely, GL 2 (Z/NZ)/{±I 2 } acts on F N as follows:
where n≫−∞ c n q n/N is the Fourier expansion of h and
where γ is a preimage of γ of the reduction map
Proof. [6, Chapter 6, Theorem 3].
In a similar fashion as Proposition 2.1 (i), an element σ ∈ Gal(Q ab /Q) induces an element of Gal(F N /F 1 ) by applying σ to the Fourier coefficients. For h ∈ F N , we denote by h σ the image of h under this automorphism.
Fricke functions and Siegel functions
For a lattice L in C, we let
And, we define the Weierstrass ℘-function (relative to L) and the j-invariant by
Then Q[j(τ )] is the ring of weakly holomorphic functions in F 1 and we have (i) f r (τ ) is weakly holomorphic and depends only on ±r (mod Z 2 ).
(ii) For α ∈ GL 2 (Z/NZ)/{±I 2 } we obtain
Proof. [6, Chapter 6, §2- §3]
The following two propositions describe the modularity criterion for Siegel functions and the relation between Fricke functions and Siegel functions. (ii) A finite product of Siegel functions
Here, 
(ii) If r ≡ ±s (mod Z 2 ), then we obtain
is the Dedekind η-function which is a 24th root of ∆(τ ).
Remark 3.4. Let N (> 1) be an integer and r, s, r
becomes a modular unit in F N by Proposition 3.2 and 3.3 (ii), which is called a Weierstrass unit of level N.
4 Ring of weakly holomorphic modular functions for
For a positive integer N, let
is,
Hence one can readily show that the map
N (z) = Nz is a well-defined isomorphism between two modular curves. Now, let F 1,N (Q) (resp. F 1 N (Q)) be the field of meromorphic modular functions for Γ 1 (N) (resp. Γ 1 (N)) with rational Fourier coefficients. It then follows from (4.1) that the map
is an isomorphism. Furthermore the map (4.3) gives rise to a ring isomorphism 
, i∞} {0, 5 2 , 2, i∞} 6 {0, From now on, we assume that 2 ≤ N ≤ 10 or N = 12. Let g 1,N (τ ) be the generator of the function field C(X 1 (N)) in the table ([4, Table 2 ]): 
Proof. If C(X 1 (N)) = C(S) for some subset S ⊂ F 1,N (Q), then 
Now, let
Then one can readily get the following table:
{2 + 2(ζ 9 + ζ Proof. Since
Observe that c = lim
, and hence we achieve by Proposition 3.2 (i) and (1.1) 
Proof. It is immediate from the isomorphism (4.5).
For each c ∈ C N , we let f N,c (x) ∈ Q[x] be the minimal polynomial of c over Q. 
More precisely, we attain
Proof. Since every zero of f N,c (x) lies in the set C N by Lemma 4.3, f N,c (g
. By Lemma 4.2 we can write
for some polynomials P (x), Q(x) ∈ Q[x] which are relatively prime. Suppose that Q(x) has a zero c 0 ∈ Q \ C N , where Q is the algebraic closure of Q. From Lemma 4.4 we see that g
It gives a contradiction because h(τ ) is weakly holomorphic. Thus any zero of Q(x) belongs to C N . Since Q(x) ∈ Q(x), we derive that Q(x) has a zero c ∈ C N if and only if f N,c (x) | Q(x). Therefore, we get
. And so, we have the theorem by (4.4).
Generators of O 1,N (Q)
In this section, we shall construct generators of the ring O 1,N (Q) over Q when N is divisible by 4, 5, 6, 7 or 9.
Lemma 5.1. Let m (> 1) be an integer.
Proof. By Proposition 3. By (i) we have 
Thus h = h(τ ) can be written as 
For simplicity, put 
It follows from Proposition 3. is a well-defined ring isomorphism.
